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E-mail address: cmd@email.arizona.edu (C.M. DaoInteraction between a bounded ultrasonic beam and a liquid wedge over a solid half-space is studied. A
semi-analytical technique called distributed point source method (DPSM) is adopted for modeling the
ultrasonic ﬁeld in a wedge shaped ﬂuid structure over a solid half space. This study is important for ana-
lyzing the ultrasonic waves used for the non-destructive inspections of partially immersed structures. It
is also useful for studying the effect of underwater ultrasonic or acoustic wave experiments on marine
lives near the shore. The problem geometry considers a bounded acoustic beam striking a ﬂuid–solid
interface between a ﬂuid wedge and a solid half-space at steady-state. Solution of this problem is beyond
the scope of the currently available analytical methods when the beam is bounded. Only numerical
method (boundary element method (BEM) or ﬁnite element method (FEM)) based packages (e.g. PZFlex)
are in principle capable of modeling ultrasonic ﬁelds in such structures. At high frequencies FEM and BEM
based packages require huge amount of computation memory and time for their executions that DPSM
technique can avoid. Effect of the angle of strike and the ﬂuid wedge angle variation on the wave prop-
agation characteristics is studied. Theoretical predictions are compared with some experimental results.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The DPSM technique was ﬁrst proposed by Placko and Kundu
(2001, 2004, 2007). In this technique the transducer surface is
modeled by one layer of point source and every interface is mod-
eled by two layers of point source placed on two sides of the inter-
face. This technique does not require any ray tracing, or explicit
expressions of reﬂection and transmission coefﬁcients, or any par-
axial approximation. Thus it can relatively easily handle complex
problem geometries with multiple interfaces for which ray tracing
technique becomes very cumbersome (Banerjee et al., 2006). DPSM
has been successfully used to study the interaction between ultra-
sonic ﬁelds generated by two transducers placed in a homoge-
neous ﬂuid (Ahmad et al., 2003), to model ultrasonic ﬁelds
scattered by a crack (Banerjee and Kundu, 2008b), or generated
by phased array transducers (Ahmad et al., 2005), and to model
ultrasonic ﬁelds in solid and ﬂuid structures with planar (Banerjee
and Kundu, 2007; Banerjee et al., 2007) and non-planar boundaries
(Banerjee and Kundu, 2006; Kundu et al., 2006; Das et al., 2007;
Banerjee and Kundu, 2008a,b). In all these works the ﬂuid medium
has been modeled either as a ﬂuid half-space or a full-space. In this
paper a ﬂuid wedge, bounded between a free-surface and a ﬂuid–
solid interface is modeled for the ﬁrst time by DPSM. Some modelll rights reserved.
: +1 520 888 3320.
).predictions are compared with experimental results. Previous
investigations on the wave propagation in a ﬂuid wedge (Fokkema,
1981; De Billy and Quentin, 1983; De Billy, 1983; Jungman et al.,
1988; Mozhaev et al., 2002) could not incorporate a ﬁnite sized
transducer operating at steady-state as considered in this paper.
Ultrasonic transducers used in non-destructive evaluation (NDE)
applications always have ﬁnite dimensions. Therefore, the ultra-
sonic beams generated by these transducers have neither plane
nor spherical wave fronts that previous analyses on ﬂuid wedges
assumed. Since this paper considers a ﬁnite sized transducer this
model is closer to the real situation. Although in principle, prob-
lems involving ﬁnite sized transducers can be solved by ﬁnite ele-
ment method (FEM), DPSM is more efﬁcient because it takes less
time to run in a standard PC compared to FEM. A run time compar-
ison for solving an identical problem using FEM and DPSM has
been presented in Banerjee and Kundu (2007). The success of the
FEM for solving high frequency wave propagation problems has
been limited because of the spurious reﬂection of the waves at arti-
ﬁcial boundaries and requirements of very small size elements. On
the other hand in the boundary element method (BEM), it is neces-
sary to solve long boundary integral equations that inevitably
encounter singularity. To avoid long integral equations and singu-
larities encountered in BEM for complex problems a modiﬁed BEM
known as the charge simulation method (CSM) and a new semi-
analytical technique called multiple multi-pole program (MMP)
were proposed. DPSM is still considered simpler to use for solving
ultrasonic problems when compared with MMP, CSM, BEM or FEM.
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Banerjee and Kundu (2006, 2007).
2. Problem formulation
The problem geometry is shown in Fig. 1. A homogenous solid
half space is partially immersed in a homogenous ﬂuid at an angle
forming a ﬂuid wedge. A ﬁnite size transducer immersed in the
ﬂuid acts as the ultrasonic energy source. The ultrasonic beam
strikes the inclined ﬂuid–solid interface. Our interest is in comput-
ing the ultrasonic ﬁelds inside the ﬂuid wedge and the solid half-
space.
Following the DPSM technique, one layer of point sources is dis-
tributed near the transducer face and another 4 layers of point
source are distributed on two boundaries and one interface. Point
sources are placed at the centers of small circles shown in Fig. 1.
For simplicity both boundaries and the interface are denoted as
the interface. Interface 1 is the inclined ﬂuid–solid interface. Inter-
face 2 is the horizontal ﬂuid–vacuum interface or the traction-free
boundary of the ﬂuid wedge, and Interface 3 is the inclined solid–
vacuum interface or the traction-free boundary of the solid.
Strengths of the ﬁve layers of point sources are denoted as As, A1,
A1, A2, and A3 in Fig. 1. As, A1, A

1, A2, and A3 are ﬁve vectors whose
elements denote the strengths of individual point sources in these
ﬁve layers of source.
The ultrasonic ﬁelds in ﬂuid and solid media can be written in
matrix form. If T is a set of target points in the ﬂuid medium then
the velocity at the target points can be expressed in terms of trans-
ducer sources As and interface sources A1, A2 (see Placko and Kun-
du, 2004).
VT ¼MTSAS þMT1A1 þMT2A2 ð1Þ
Velocity at the transducer’s surface
VS ¼MSSAS þMS1A1 þMS2A2 ð2Þ
In Eqs. (1) and (2) vectors VT and VS are particle velocities at target
points and transducer surface points, respectively. Matrix MIJ
when multiplied by the source strength vector AJ (J = S, 1 or 2)
gives velocity at points I (I = T for target points and S for trans-
ducer surface points). Elements of matrix MIJ are given in PlackoFig. 1. Geometry of the wedge problem with point sources shown by small circles,
distributed along the transducer face, the ﬂuid–solid interface, the ﬂuid boundary
and the solid boundary. Actual numbers of point sources used at different
boundaries and interfaces for the modeling are much greater than the number of
circles shown in the ﬁgure.and Kundu (2004, 2007). In the above equation and in all subse-
quent equations only unknowns are the source strength vectors
As, A1, A

1, A2 and A3. The matrices MIJ (in Eqs. (1), (2) and (10)),
QIJ (in Eqs. (3), (11) and (12)), DF3IJ (in Eqs. (4) and (11)), S3LIJ
(in Eqs. 5,6,7,8, (11) and (12)), DS3IJ (in Eq. 9) are known matrices.
Elements of all these matrices are given in Placko and Kundu
(2007). In terms of these known matrices and unknown source
strength vectors the pressure ﬁelds at the target points in the ﬂuid
medium are given by,
PT ¼ Q TSAS þ Q T1A1 þ Q T2A2 ð3Þ
QTS, QT1 and QT2 are matrices that relate pressure values at the tar-
get points to the point source strength vectors AS, A1 and A2,
respectively.
At the target points, the displacement ﬁeld along the x3 direc-
tion in the ﬂuid is written as
U3T ¼ DF3TSAS þ DF3T1A1 þ DF3T2A2 ð4Þ
For modeling the ultrasonic ﬁeld in a solid every point source
should contain three different point forces in three mutually per-
pendicular directions (Placko and Kundu, 2007). Normal stresses
in x3 direction at interface 1 generated by the point sources are gi-
ven by
S3311A

1 þ S3313A3 ð5Þ
Similarly, the shear stresses developed at interface 1 are
S3111A

1 þ S3113A3
S3211A

1 þ S3213A3
ð6Þ
Normal stresses generated in x3 direction at interface 3 can be writ-
ten as
S3331A

1 þ S3333A3 ð7Þ
and shear stresses developed at interface 3 are
S3131A

1 þ S3133A3
S3231A

1 þ S3233A3
ð8Þ
Displacement along the x3 direction in the solid at interfaces 1 and 3
are
DS311A

1 þ DS313A3
DS331A

1 þ DS333A3
ð9Þ
The transducer vibration velocity VS0 is known. Therefore, the
boundary condition at the transducer face can be written as
MSSAS þMS1A1 þMS2A2 ¼ VS0 ð10Þ
Across the ﬂuid–solid interface (interface 1 in Fig. 1) negative of
the normal stress (S33) in the solid and the pressure in the ﬂuid
should be continuous. Also, at the interface 1, displacement com-
ponent normal to the interface (x3 direction in Fig. 1) should be
continuous. Shear stresses in the solid at the interface should van-
ish. Satisfying these continuity conditions the following equations
are obtained
Q 1SAS þ Q 11A1 þ Q 12A2 ¼ S3311A1  S3313A3
DF31SAS þ DF311A1 þ DF312A2 ¼ DS311A1 þ DS313A3
S3111A

1 þ S3113A3 ¼ 0
S3211A

1 þ S3213A3 ¼ 0
ð11Þ
Since the pressure at interface 2 is zero (traction-free ﬂuid sur-
face) the boundary condition at this interface is given by
Q 2SAS þ Q 21A1 þ Q 22A2 ¼ 0 ð12Þ
Similarly, the traction-free boundary condition at interface 3 can be
written as
Fig. 2. (a–f) Pressure in the 20 ﬂuid wedge (a, c and e) and normal stress (S11) in
the solid half space (b, d and f) for 15.42 (a and b), 30.42 (c and d) and 45.42 (e
and f) angles of strike. 30.42 is the Rayleigh critical angle.
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
1 þ S3333A3 ¼ 0
S3131A

1 þ S3133A3 ¼ 0
S3231A

1 þ S3233A3 ¼ 0
ð13Þ
Eqs. (10)–(13) are written in the following matrix form
MSS MS1 MS2 0 0
Q 1S Q 11 Q 12 S3311 S3313
DF31S DF311 DF312 DS311 DS313
0 0 0 S3111 S3113
0 0 0 S3211 S3213
Q 2S Q 21 Q 22 0 0
0 0 0 S3331 S3333
0 0 0 S3131 S3133
0 0 0 S3231 S3233
2
66666666666666664
3
77777777777777775
AS
A1
A2
A1
A3
8>>><
>>>>:
9>>>=
>>>>;
¼
VS0
0
0
0
0
8>>><
>>>>:
9>>>=
>>>>;
ð14Þ
From the above system of non-homogeneous equations the un-
known source strengths can be obtained. For step-by-step deriva-
tion of the above equations the readers are referred to Placko
and Kundu (2007) and Dao (2007).
3. Numerical results
Numerical results are generated from the above formulation
using a DPSM code developed in MATLAB environment. The results
are presented for a 2.25 MHz transducer with a diameter of
6.35 mm (0.25 in.) generating the ultrasonic beam. The material
properties for the aluminumandwater used in this numerical inves-
tigations are – for aluminum the P-wave speed (cp) = 6.35 km/s, S-
wave speed (cs) = 3.04 km/s, density (qs) = 2.7 gm/cc, and for water
the P-wave speed (cf) = 1.48 km/s and density (qf) = 1 gm/cc.
Three hundred ﬁfty point sources are distributed behind the cir-
cular transducer face to model the transducer and additional point
sources are placed along the liquid–solid interface (Interface 1),
the free-surfaces of the liquid wedge (Interface 2), and the solid
(Interface 3), as shown in Fig. 1. It should be noted here that since
it is difﬁcult todraw350circlesbehind the transducer faceonly3cir-
cles are drawn, but it does not mean that only 3 point sources are
used to model the transducer. How many point sources can model
the plate boundaries that are extended to inﬁnity in both in-plane
and out-of-plane directions? At the plane of symmetry (or the cen-
tral planewhich is the plane of the paper) four lines of point sources
near the interfaces 1, 2 and 3 are placed as shown in Fig. 1. The ultra-
sonic ﬁeld is ﬁrst computed on the central planewith this one plane
of point sources consisting of four lines along interfaces 1, 2 and 3.
Then two more planes of point sources are added on two sides of
the central plane and the ﬁeld is computed again at the central plane
with these three planes of point sources. This process of adding two
planes of point sources on two sides of the central plane is continued
until the computed ﬁeld at the central plane is converged. Note that
additional planes of point sources on two sides of the central plane
only increase the number of point sources along interfaces 1, 2 and
3. For the transducer modeling 350 point sources are placed near
the transducer face from the very beginning and not changed.
On each side of the ﬂuid–solid interface (Interface 1) 135 point
sources are distributed on the central plane. Sources are placed in
the illuminated region as well as well beyond the illuminated re-
gion of the interface. Therefore, to model the problem geometry
with 3 planes of point source, a total of 405 point sources are nec-
essary on each side of the ﬂuid–solid interface. Increasing the num-
ber of point sources to 5 planes of source did not signiﬁcantly
change the computed ultrasonic ﬁeld at the central plane. Total
number of point sources on the free-surface of the liquid wedge
and solid half space (Interfaces 2 and 3) are 405 and 51, respec-tively. The number of point sources necessary for proper conver-
gence of the DPSM technique has been discussed in detail by
Placko and Kundu (2004).
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liquid wedge and normal stress (S11) in the solid half-space for
three different angles of strike. Note that x1 axis is parallel to the
interface. Ultrasonic ﬁelds are plotted for 15.42, 30.42, and
45.42 angles of strike measured from the normal to the liquid–so-
lid interface. Plots are generated for the projected length of 60 mm
along the x1 direction. In Fig. 2(a–f) side scale bars are provided to
give an idea about the strengths of the ultrasonic ﬁelds in different
plots. Note that the scale bars are not the same in all ﬁgures. The
signal strengths in both ﬂuid and solid are signiﬁcantly higher
for 30.42 angle of incidence. It is expected since this angle corre-
sponds to the Rayleigh critical angle.
Note that for 15.42 incident angle part of the ultrasonic energy
is reﬂected back into the ﬂuid wedge (Fig. 2a) and part is transmit-
ted into the solid (Fig. 2b). In Fig. 2b two transmitted beams look
like the P-wave and S-wave beams. However, both of those are
S-wave beams generated by the main striking beam and one of
its side lobes. The main beam and the side lobes strike the interface
at different angles resulting in two transmitted S-wave beams with
different inclinations. Fig. 2b also shows a weak beam propagating
along the interface. This is the surface skimming P-wave generated
by a part of the diverging beam striking the interface at P-critical
angle, sin1 1:486:35
  ¼ 13:5. For the Rayleigh critical angle of inci-
dence (30.42) it is interesting to note that the entire liquid wedge,
between the transducer and the wedge corner is illuminated
(Fig. 2c); propagating Rayleigh wave in the solid can also be seen
clearly in Fig. 2d. For 45.42 angle of strike (Fig. 2e) strong reﬂec-
tions from the liquid–solid interface as well as from the free liquid
surface are observed. As expected, relatively weak ultrasonic en-
ergy inside the solid is observed in Fig. 2f.
It should be mentioned here that although the ultrasonic energy
inside the solid, near the ﬂuid–solid interface beyond the point of
strike is observed for all three angles of incidence it is strongest
(one order of magnitude higher) for the critical angle (30.42) of
strike. The maximum value of the bar scale of Fig. 2d is 20 while
those for Fig. 2b and f are 1.4 and 1.6, respectively. Ampliﬁcation
of the ultrasonic energy near the liquid wedge corner should also
be noted in Fig. 2a, c and e.
4. Experimental results
The high insoniﬁcation of the ultrasonic energy in the ﬂuid
wedge is particularly noticeable for the Rayleigh critical angle of
incidence, see Fig. 2c. To investigate what type of effect the ﬂuidFig. 3. Experimental setupwedge has on the ampliﬁcation of the ultrasonic energy in the li-
quid the following analysis and experiment are carried out. The
ultrasonic ﬁeld in the ﬂuid wedge is compared with the ﬁeld gen-
erated near a ﬂuid–solid interface when the solid is fully immersed
in the ﬂuid and the problem geometry does not have any ﬂuid
wedge. DPSM predictions for both partially and fully submerged
solids are compared with the experimental data.
The experiment was carried out on a Matec C-Scan machine
(supplied by Matec Instrument Companies, Northborough, MA,
USA). The C-scan machine is controlled by a Matec IMT-8000
Immersion Drive Interface with Sonix software Flex Scan-C (Sonix,
Inc., Springﬁeld, VA, USA). A pulser/receiver DPR35+ (supplier JSR
Ultrasonics, Pittsford, NY, USA) is used to generate the ultrasonic
pulse. The pulse excites the ultrasonic transducer at a central fre-
quency of 2.25 MHz. However, the signal generated by the nar-
row-band transducer contains other frequency components also
near 2.25 MHz while the DPSM calculations are the steady state re-
sponse at 2.25 MHz signal frequency. The schematic diagram of the
experimental setup is shown in Fig. 3. Two identical transducers of
6.35 mm (0.25 in.) diameter and 2.25 MHz frequency are used
– one to generate the ultrasonic beam and the second one to mea-
sure the ultrasonic pressure at desired locations. These two trans-
ducers are placed in the liquid wedge above the solid specimen in a
pitch–catch arrangement as shown in Fig. 4. The transmitter is
placed 15 mm (measured in the direction normal to the transducer
face) above the ﬂuid–solid interface. Fifteen millimeter distance is
selected so that the liquid–solid interface is located beyond the
near ﬁeld distance that is calculated from the following equation
N ¼ D
2  k2
4k
ð15Þ
where N = near ﬁeld distance, D = diameter of the transducer,
l = signal wavelength in water.
k ¼ Cf ðAcoustic wave speed in waterÞ
f ðFrequency of the acoustic signalÞ ð16Þ
Substituting D = 6.35 mm, f = 2.25 MHz, Cf = 1.48  103 m/s the near
ﬁeld distance is computed from Eq. (15), N = 14.95 mm.
Field strength variations in the ﬂuid, along the ﬂuid–solid inter-
face are experimentally obtained and compared with the DPSM
predictions. Both partially immersed solid half-space forming a
ﬂuid wedge of 20 above the solid and a fully submerged solid
half-space, in absence of any ﬂuid wedge are considered. These
comparison results are shown in Fig. 5. To compare the experimen-– schematic diagram.
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by a scaling factor so that the peak values of the experimental
and theoretical curves match. Since we did not calibrate the trans-
ducer through a process that accounts for the gain of the ampliﬁer,
conversion efﬁciency of the transducer, and all of the other system
response characteristics of the measurement system (Auld, 1979)
such scaling factor was necessary. Solid lines in this ﬁgure corre-
spond to the DPSM predictions and the dashed curves are obtained
experimentally. Thicker curves whose values are much greater
than the thinner curves for 30 6 x1 6 20 mm correspond to
the partially immersed solid case. The length scale x1 plotted along
the horizontal axis of Fig. 5 is measured along the ﬂuid–solid inter-
face. Note that in the region 41 6 x1 6 38 mm where the
bounded beam strikes the interface thick and thin curves almost
coincide. However in the region (x1P 36 mm) away from the
point of strike of the bounded beam signiﬁcant differences be-
tween the partially immersed and fully submerged cases are no-
ticed both experimentally and theoretically. The good matching
between the theoretical and experimental results in a qualitative
sense indicates that both results are reliable.Fig. 5. Ultrasonic pressure variations along the interface for partially immersed solid (thi
DPSM predictions and dashed lines are experimental results. In the region 30 6 x1 6 2
immersed solid half-space in comparison to the fully submerged solid is noticeable.
Fig. 4. Transducer orientations in the liquid wedge – left transducer is the
transmitter and the right one is the receiver.When the ﬂuid wedge angle is increased from 20 to 50 but the
angle of the striking beam is kept constant at Rayleigh critical an-
gle (30.42) then the ultrasonic energy insoniﬁcation in the ﬂuid
wedge is not as noticeable as it is for the 20 ﬂuid wedge as evident
from Figs. 6 and 2c.
Next the transducer is rotated about the central axis of its front
face to strike the ﬂuid–solid interface by the transducer generated
ultrasonic beam at different angles. It is investigated how the pres-
sure ﬁelds at two different points near the interface vary for this
angular movement of the transducer. Transmitter and receiver
positions for 50 and 20 wedge angles are shown in Figs. 7a and
8a, respectively. As the striking angle (h) is changed from 15 tock lines) and fully submerged solid half-space (thin lines) – continuous lines are the
0 a signiﬁcant increase in the ultrasonic pressure in the ﬂuid wedge over a partially
Fig. 6. Pressure ﬁeld in the 50 ﬂuid wedge for 30.42 angle of strike, 30.42 is the
Rayleigh critical angle.
Fig. 8. (a) Orientations of the transmitter (T) and receiver (R) in the 20 ﬂuid wedge over solid, (b) DPSM computed pressure ﬁelds at two points near the ﬂuid–solid interface
(marked as 25th line and 65th line in (a)) are plotted as open circles and open triangles. The horizontal axis shows the angle of strike in degree (h in (a)) and the vertical axis
shows the normalized ﬂuid pressure. Experimental points are shown as solid circles and solid triangles.
Fig. 7. (a) Orientations of the transmitter (T) and receiver (R) in the 50 ﬂuid wedge over solid, (b) DPSM computed pressure ﬁelds at two points near the ﬂuid–solid interface
(marked as 85th line and 105th line in (a)) are plotted as open circles and open triangles. The horizontal axis shows the angle of strike in degree (h in (a)) and the vertical axis
shows the normalized ﬂuid pressure. Experimental points are shown as solid circles and solid triangles.
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near the ﬂuid–solid interface are computed by DPSM. The com-
puted ﬁelds are plotted by open markers, in Figs. 7b and 8b for
50 and 20 wedge angles, respectively. With the available ultra-
sonic C-scan machines it is not easy to rotate the transducer about
its front face since the axis of rotation is different from the front
face. To keep the central axis of the front face of the transmitter
at the same location as the transmitter is rotated the arm holding
the transmitter had to be moved horizontally as well as vertically
by the appropriate amount. For this complicated and time consum-
ing process experimental results are obtained for only three differ-
ent striking angles and plotted as solid circles and triangles. The
peak values in both Figs. 7b and 8b correspond to the direct strike
of the central ultrasonic beam. All other values are normalized
with respect to these values. The experimental and theoretical val-
ues show good qualitative agreement.5. Concluding remarks
The interaction between a bounded ultrasonic beam and a li-
quid wedge over a solid half-space is studied. The pressure ﬁeld
in the ﬂuid wedge and the stress ﬁeld in the solid half-space are
computed using newly developed semi-analytical technique
called DPSM. The technique is generalized in this paper to model
traction-free ﬂuid and solid boundaries and ﬂuid wedges. Some
theoretical predictions are compared with the experimental re-
sults and good qualitative matching between the two is ob-
served. Experimental results show that the trends predicted by
the DPSM computation are in line with the experimental ﬁnd-
ings. Partially immersed and fully submerged solid half space
cases are compared. Signiﬁcant increase in the ultrasonic energy
in the ﬂuid wedge for the partially immersed solid half-space
case is noticed.
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